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Abstract
This paper is a survey on SPG-reguli, SPG-systems, BLT-sets and sets with the BLT-property. It is shown how from these sets
generalized quadrangles, partial geometries and semi-partial geometries can be constructed. Many examples are given and open
problems are stated. There are also some new results.
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1. Introduction
This paper is a survey on SPG-reguli, SPG-systems, BLT-sets and sets with the BLT-property. These structures,
which are all constructed in Galois spaces, were introduced roughly between 1980 and 2000. Also particular m-
systems will be discussed. Apart from being interesting in their own, all these objects are used to construct new
point-line incidence geometries, such as partial geometries, semi-partial geometries and generalized quadrangles; also
new strongly regular graphs arise. Further, we will see that these structures are closely related. It is our purpose to
give the necessary definitions, the main properties, applications (in particular the construction of interesting point-line
geometries), and open problems. Besides the relevant “old” results, also new ones will be stated.
2. SPG-reguli
2.1. SPG-reguli
SPG-reguli were introduced by Thas [37].
An SPG-regulus is a set R of m-dimensional subspaces PG(1)(m, q), PG(2)(m, q), . . . ,PG(r)(m, q), r > 1, of
PG(n, q), n > 1, satisfying the following conditions.
(i) PG(i)(m, q) ∩ PG( j)(m, q) = ∅ for all i 6= j .
(ii) If PG(m + 1, q) contains PG(i)(m, q), then it has a point in common with either 0 or α (α > 0) spaces in
R − {PG(i)(m, q)}. If PG(m + 1, q) has no point in common with PG( j)(m, q) for all j 6= i , then it is called a
tangent (m + 1)-space or a tangent space of R at PG(i)(m, q).
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(iii) If the point x of PG(n, q) is not contained in an element ofR, then it is contained in a constant number θ (θ ≥ 0)
of tangent spaces of R.
By (i) we have n ≥ 2m + 1, and if n = 2m + 1 then there are no tangent spaces (and so α = r − 1).
In [37] it is shown that
α(q − 1) divides (r − 1)(qm+1 − 1)
and
θ = (α(q
n−m − 1)− (r − 1)(qm+1 − 1))rqm+1
α((qn+1 − 1)− r(qm+1 − 1)) .
Hence θ = 0 if and only if α(qn−m − 1) = (r − 1)(qm+1 − 1).
2.2. Semi-partial geometries
A semi-partial geometry (SPG) is an incidence structure S = (P, B, I) of points and lines, with P 6= ∅ 6= B,
satisfying the following axioms.
(i) Each point is incident with 1+ t (t ≥ 1) lines and two distinct points are incident with at most one line.
(ii) Each line is incident with 1+ s (s ≥ 1) points and two distinct lines are incident with at most one point.
(iii) If two points are not collinear, then there are µ (µ > 0) points collinear with both.
(iv) If a point x and a line L are not incident, then there are either 0 or α (α ≥ 1) points which are collinear with x and
incident with L (i.e., there are either 0 or α points xi and either 0 or α lines L i respectively, such that xIL i Ixi IL).
The parameter α is called the incidence number of S and the semi-partial geometry S is denoted by spg(s, t, α, µ).
Semi-partial geometries were introduced by Debroey and Thas [9].
An SPG with α = 1 is called a partial quadrangle (PQ). Partial quadrangles were introduced and studied by
Cameron [7]. If in (iv) there are always α points collinear with x and incident with L , then the spg(s, t, α, µ) is called
a partial geometry (PG). In such a case (iii) is automatically satisfied. A semi-partial geometry which is not a partial
geometry is called a proper semi-partial geometry. Partial geometries were introduced by Bose [3]. A partial geometry
which is also a partial quadrangle is called a generalized quadrangle (GQ); generalized quadrangles were introduced
by Tits [44].
An SPG is a PG if and only if µ = (t + 1)α. If µ 6= (t + 1)α, then t ≥ s for any spg(s, t, α, µ); see [9]. Further,
the dual of an SPG S is again an SPG if and only if either s = t or S is a PG; see [9]. Finally we remark that the point
graph of an spg(s, t, α, µ) is a strongly regular graph
srg
(
1+ (t + 1)s(µ+ t (s − α + 1))
µ
, s(t + 1), s − 1+ t (α − 1), µ
)
.
For an excellent survey on semi-partial geometries we refer to [10].
2.3. Semi-partial geometries arising from SPG-reguli
Let R be an SPG-regulus, i.e., let R be a set of m-dimensional subspaces PG(1)(m, q),PG(2)(m, q), . . . ,
PG(r)(m, q), r > 1, of PG(n, q) satisfying (i)–(iii) of 2.1. Now we embed PG(n, q) as a hyperplane in PG(n + 1, q),
and we define an incidence structure S = (P, B, I) of points and lines as follows:
• POINTS of S are the points in PG(n + 1, q)− PG(n, q);
• LINES of S are the (m + 1)-dimensional subspaces of PG(n + 1, q) which contain an element of R but are not
contained in PG(n, q);
• INCIDENCE is that of PG(n + 1, q).
Then S is an spg(qm+1 − 1, r − 1, α, (r − θ)α).
The SPG is a PG if and only if θ = 0; if S is not a PG, i.e., if θ 6= 0, or, equivalently, α(qn−m − 1) 6=
(r − 1)(qm+1 − 1), then t ≥ s implies r ≥ qm+1.
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2.4. Particular cases
(a) n = 2m + 1
Then the SPG-regulus has no tangent spaces, hence α = r − 1 and θ = 0. In this case the SPG S is a (Bruck) net
of order s + 1 = qm+1 and degree t + 1 = r ; for the definition of net, see [5].
(b) n = 2m + 2
By [37], in such a case a proper semi-partial geometry S has parameters
s = qm+1 − 1, t = r − 1,
α = r
2(qm+1 − 1)− r(qm+1 − 1)(qm+1 + 2)+ q2m+3 − 1
r(qm+2 − 1)− (q2m+3 − 1) ,
and
µ = r(r − 1)(q
m+1 − 1)(r − (qm+1 + 1))
r(qm+2 − 1)− (q2m+3 − 1) .
In [40] the following result is obtained.
Theorem 2.1. Let R be a set of r m-dimensional subspaces PG(1)(m, q), PG(2)(m, q), . . . , PG(r)(m, q), r > 1, of
PG(2m + 2, q) satisfying (i) and (ii) in the definition of SPG-regulus. If R admits tangent spaces, then
α(r(qm+2 − 1)− (q2m+3 − 1)) ≤ r2(qm+1 − 1)− r(qm+1 − 1)(qm+1 + 2)+ (q2m+3 − 1),
with equality if and only if R is an SPG-regulus.
Remark 2.2. Theorem 2.1 can be generalized to PG(n, q) by assuming that for all i each tangent space at PG(i)(m, q)
intersects at most ν tangent spaces at the other r − 1 elements of R. In particular this applies if each tangent space
at PG(i)(m, q) intersects at most (in particular, exactly) ν tangent spaces at PG( j)(m, q), for all j 6= i , in particular if
two tangent spaces at different elements of R intersect.
(c) Semi-pseudo-ovoids and the polar property
An SPG-regulus satisfies the polar property, if it has tangent spaces, if n > 2m + 1 and if the union of the tangent
spaces at each element pii = PG(i)(m, q) of R is a PG(i)(n − m − 1, q) = τi , with i = 1, 2, . . . , r .
In such a case the SPG-regulus satisfies r = αqn−2m−1 + 1; see [37].
Let R be a set of r m-dimensional subspaces pi1, pi2, . . . , pir , r > 1, of PG(n, q) satisfying (i) and (ii) in the
definition of SPG-regulus. Assume moreover that R has tangent spaces and that for all i ∈ {1, 2, . . . , r}, the union of
all tangent spaces at pii is a PG(n − m − 1, q). Then, by [37], r ≤ 1 + q(n+1)/2 with equality if and only if R is an
SPG-regulus.
If the SPG-regulus R has the polar property, then the corresponding SPG S has parameters
s = qm+1 − 1, t = q(n+1)/2, α = q2m−(n/2)+3/2, µ = qm+1(qm+1 − 1).
It follows that
4m ≥ n − 3.
A semi-pseudo-ovoid or a semi-egg of PG(n, q) is a non-empty setO of r mutually skew m-dimensional subspaces,
denoted PG(i)(m, q) = pii , i = 1, 2, . . . , r , with n > 2m + 1, so that for every i the union of all (m + 1)-dimensional
subspaces containing pii and disjoint from pi j , for all j 6= i (we assume that such subspaces exist), is an (n −m − 1)-
dimensional subspace PG(i)(n − m − 1, q) = τi of PG(n, q). The space τi is called the tangent space of O at pii .
Semi-pseudo-ovoids were introduced by De Winter and Thas [18].
For m = 0 semi-pseudo-ovoids are just semi-ovals and semi-ovoids; see [33] and [4] for motivation, examples and
existence. It is also clear that pseudo-ovals and pseudo-ovoids provide examples of semi-pseudo-ovoids; see [43].
De Winter and Thas [18] prove the following theorems.
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Theorem 2.3. Let O be a semi-pseudo-ovoid of PG(n, q), with |O| = 1 + q(n+1)/2. Then the tangent spaces of O
form a semi-pseudo-ovoid O∗ in the dual space of PG(n, q). The semi-pseudo-ovoid O∗ is called the translation dual
of O.
Theorem 2.4. A semi-pseudo-ovoid O is an SPG-regulus satisfying the polar property if and only if |O| =
1 + q(n+1)/2. Hence, if O is a semi-pseudo-ovoid with |O| = 1 + q(n+1)/2, then the translation dual O∗ of O is
also an SPG-regulus satisfying the polar property.
A generalized semi-pseudo-ovoid O = {pi1, pi2, . . . , pir } in PG(n, q) is a set of r mutually disjoint m-dimensional
spaces in PG(n, q), with n > 2m + 1, such that the union of the (m + 1)-dimensional subspaces containing pii ,
i = 1, 2, . . . , r , and disjoint from all pi j , j 6= i (we assume that such subspaces exist), contains an (n − m − 1)-
dimensional space.
There is a variant of Theorem 2.4 for generalized semi-pseudo-ovoids that can be useful, as it is sometimes easy to
check that on any pii there is an (n − m − 1)-dimensional space τi disjoint from pi j , for every j 6= i , but difficult to
check that every (m + 1)-dimensional space containing pii , but not contained in τi , has non-empty intersection with
(pi1 ∪ pi2 ∪ · · · ∪ pir )− pii .
Theorem 2.5. Let O be a generalized semi-pseudo-ovoid in PG(n, q), with |O| = 1 + q(n+1)/2. Then O is an SPG-
regulus satisfying the polar property.
In the next theorem we state how new SPG-reguli satisfying the polar property can be constructed from old ones
without changing the size of the SPG-regulus.
Theorem 2.6. Let M = {pi1, pi2, . . . , pir } be an SPG-regulus satisfying the polar property, with pi1, pi2, . . . , pir m-
dimensional spaces in PG(n, q) and r = 1 + q(n+1)/2. Let τi be the tangent space of M at pii . Suppose that the
tangent spaces τ1, τ2, . . . , τs have a PG(n − 2m − 2, q) = pi in common. If {pi1, pi2, . . . , pi s} is a set of mutually
disjoint m-dimensional spaces covering exactly the same point set as pi1 ∪ pi2 ∪ · · · ∪ pis , then
M = (M ∪ {pi1, pi2, . . . , pi s})− {pi1, pi2, . . . , pis}
is also an SPG-regulus satisfying the polar property. We say that the SPG-regulus R is derived from the SPG-regulus
R.
(d) m-systems
An m-system M of a finite (non-singular) classical polar space P is a set, of maximal possible size, of mutually
disjoint totally singular m-dimensional subspaces of P with the property that no generator (that is, a maximal totally
singular subspace) of P that contains an element of M intersects any other element of M (if the size of M is not
necessarily maximal, we speak of a partial m-system). We have |M| = |P|/|generator|, as is shown in [31] where
m-systems were introduced.
Each m-system M of the polar space P , for which any (m + 1)-dimensional subspace containing any pi ∈M and
not contained in pi⊥ if P is defined by a polarity, or not contained in the tangent space of P at pi if P is a quadric in
even dimension over a field with characteristic two, has a point in common with at least one element of M − {pi},
provides an example of a semi-pseudo-ovoid.
The next theorem is due to Luyckx [25]. (W2n+1(q), Q−(2n + 1, q), Q+(2n + 1, q) are the polar spaces arising
respectively from a symplectic polarity, a (non-singular) elliptic quadric, a (non-singular) hyperbolic quadric of
PG(2n + 1, q), Q(2n, q) is the polar space arising from a (non-singular) quadric in PG(2n, q), and H(h, q2) is
the polar space arising from a (non-singular) Hermitian variety in PG(h, q2).)
Theorem 2.7. Let M be an m-system of the polar space P ∈ {Q−(2n+ 1, q),W2n+1(q), H(2n, q2)}, n > 0, but not
a spread of W2n+1(q). Then M is an SPG-regulus of the ambient space of P satisfying the polar property.
Remark 2.8. From [31] follows that the m-systems in Theorem 2.7 are the only ones which are also SPG-reguli and
for which the ambient space of P has dimension greater than 2m + 1.
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2.5. Examples
(a) Easy examples
1. Let R be a set of r mutually disjoint m-dimensional subspaces of a PG(2m + 1, q), with m 6= 0. Then R is an
SPG-regulus and the corresponding SPG is a net of order s + 1 = qm+1 and degree t + 1 = r .
2. Let ξ be a fixed (n − m − 1)-dimensional subspace of a given PG(n, q), and suppose that R is a partition into m-
dimensional subspaces of PG(n, q)− ξ (with n > 1). Then R is an SPG-regulus and the corresponding geometry
S has parameters s = qm+1 − 1, t = qn−m − 1, α = qm+1 − 1, µ = qn−m(qm+1 − 1). Hence S is a dual net.
(b) Field reduction
Let R be an SPG-regulus consisting of r m-dimensional subspaces of PG(n, qh). By field reduction, there
corresponds with R an SPG-regulus R′ consisting of (mh + h − 1)-dimensional subspaces of PG(nh + h − 1, q).
Clearly the parameters of the corresponding SPG are the same for R and R′.
(c) m-systems
Here we review the existence and non-existence of m-systems which are also SPG-reguli.
First, assume thatM is an m-system of the classical polar space P , where P generates PG(n, q), with n = 2m+ 1
and m 6= 0. Then the corresponding SPG is of Type (a)1. In such a case P ∈ {Q+(2m + 1, q), H(2m + 1, q2)} and
M is a partition of P consisting of generators. If P = Q+(2m + 1, q), then there is no such partition for m even. For
m odd and q even, an m-system of Q+(2m + 1, q) exists; for q odd and m = 1 it clearly exists; for q odd, m = 3, q a
prime, or q ≡ 0 or 2 (mod 3) such a 3-system also exists. The other cases are still open. If P = H(2m + 1, q2), then
there is no such m-system. For more information we refer e.g. to [41].
Next we assume that n > 2m + 1. Then necessarily P ∈ {Q−(2h + 1, q),W2h+1(q), H(2h, q2)}. If P has an
m-system, then by (c) of Section 2.4 we have h ≤ 2m + 1. For m = 0, that is, for M an ovoid of P , we have
P ∈ {Q−(3, q),W3(q), H(2, q2)}, and soM = P for P ∈ {Q−(3, q), H(2, q2)}. Further, W3(q) has an ovoid if and
only if q is even, see [29]. Next, let M consist of generators of P which partition P , that is, let M be a spread of P .
If P = Q−(2h + 1, q), then m = h − 1. The polar spaces Q−(3, q), Q−(5, q) and Q−(2h + 1, 2l) admit spreads.
For Q−(2h + 1, q), h > 2 and q odd, the problem is still open. If P = W2h+1(q), then h = m; here the polar space
always admits a spread. If P = H(2h, q2), then m = h − 1. The polar space H(4, 4) has no spread (due to A.E.
Brouwer), and all other cases are still open. For more details on ovoids and spreads we refer to [41]. For M not an
ovoid nor a spread, several infinite classes of m-systems of P ∈ {Q−(2h + 1, q),W2h+1(q), H(2h, q2)} are known;
see [26] and [41]. We just mention that for q even W2n+1(q) admits an (n − 1)-system, and that many m-systems can
be obtained by field reduction from ovoids, spreads and an (n − 1)-system of W2n+1(q).
(d) The case m = 0
If m = 0, then the SPG-regulus R is a point set in PG(n, q). We list all possible cases.
Let K be a maximal arc of degree d in PG(2, q), that is, K is a non-empty set of points of PG(2, q) such that every
line of PG(2, q) intersects K in either 0 or d points. Then |K| = qd + d − q . A maximal arc of degree d is called
non-trivial if 1 < d < q . If d = 2, then K is called an hyperoval of PG(2, q). From [2] we know that non-trivial
maximal arcs in PG(2, q) do not exist for q odd. For each even q and each divisor d of q , with 1 < d < q, there exists
a non-trivial maximal arc of degree d in PG(2, q); see [14], [34] and [19]. It is clear that a non-trivial maximal arc is
an SPG-regulus with θ = 0, so there arises a PG.
Let U be a unital in PG(2, q2), that is, U is a set of q3 + 1 points of PG(2, q2) such that every line of PG(2, q2)
intersects U in either 1 or q + 1 points. The classical example is given by a non-singular Hermitian curve H(2, q2) of
PG(2, q2). Then U is an SPG-regulus of PG(2, q2). In [17] an interesting SPG-regulus consisting of q3 + 1 lines in
PG(5, q) is constructed, by first applying field reduction to a Buekenhout–Metz unital in PG(2, q2) and then applying
derivation (see Theorem 2.6).
LetO be an ovoid of PG(3, q), that is,O is a set of q2+ 1 points no three of which are collinear if q 6= 2, andO is
a set of 5 points no 4 of which are coplanar if q = 2. The classical example is given by a non-singular elliptic quadric
Q−(3, q) of PG(3, q). Then O is an SPG-regulus and the corresponding SPG is a PQ.
Consider PG(n, q2), n > 1, and let B be a Baer-subgeometry of PG(n, q2), that is, B is a PG(n, q) “canonically”
embedded in PG(n, q2). Then B is an SPG-regulus of PG(n, q2).
A k-cap K in PG(n, q) is a non-empty set of k points with the property that every line of PG(n, q) intersects K in
either 0, 1 or 2 points. The only cases where K is an SPG-regulus are (see [7,6,45]):
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- K is an hyperoval of PG(2, q);
- K is an ovoid of PG(3, q);
- K is a projectively unique 11-cap in PG(4, 3), see [8] and [30];
- K is a projectively unique 56-cap in PG(5, 3), first constructed by Hill [20];
- K is a particular 78-cap in PG(5, 4), an example of which was first constructed by Hill [21];
- K is a particular 430-cap in PG(6, 4), but it is not known whether such a 430-cap exists.
(e) The SPG-regulus of De Clerck, Delanote, Hamilton and Mathon
De Clerck, Delanote, Hamilton and Mathon [12] discovered by computer an SPG-regulus with
n = 5, m = 1, q = 3, r = 21, α = 2 and θ = 0.
So the corresponding SPG is a PG with parameters
s = 8, t = 20 and α = 2.
3. SPG-systems
3.1. SPG-systems
SPG-systems were introduced by Thas [40].
Let Q(2n + 2, q), n ≥ 1, be a non-singular quadric of PG(2n + 2, q). An SPG-system of Q(2n + 2, q) is a set T
of (n − 1)-dimensional totally singular subspaces of Q(2n + 2, q) such that the elements of T on any non-singular
elliptic quadric Q−(2n + 1, q) ⊂ Q(2n + 2, q) constitute a spread of Q−(2n + 1, q).
Let Q+(2n+1, q), n ≥ 1, be a non-singular hyperbolic quadric of PG(2n+1, q). An SPG-system of Q+(2n+1, q)
is a set T of (n − 1)-dimensional totally singular subspaces of Q+(2n + 1, q) such that the elements of T on any
non-singular quadric Q(2n, q) ⊂ Q+(2n + 1, q) constitute a spread of Q(2n, q).
Let H(2n + 1, q), n ≥ 1, be a non-singular Hermitian variety of PG(2n + 1, q), q a square. An SPG-system of
H(2n + 1, q) is a set T of (n − 1)-dimensional totally singular subspaces of H(2n + 1, q) such that the elements of
T on any non-singular Hermitian variety H(2n, q) ⊂ H(2n + 1, q) constitute a spread of H(2n, q).
Let P be a singular polar space with ambient space PG(d, q), having as radical the point x . Assume that the
projective index of P is n, with n ≥ 1, that is, n is the dimension of the maximal totally singular subspaces
on P . An SPG-system of P is a set T of (n − 1)-dimensional totally singular subspaces of P , not containing x ,
such that the elements of T which are (maximal) totally singular for the polar subspace P ′ of P induced by any
PG(d − 1, q) ⊂ PG(d, q) not containing x , constitute a spread of P ′.
If the SPG-system T consists of (n − 1)-dimensional spaces, then we say that n − 1 is the index of T .
Polar spaces arising from quadrics and Hermitian varieties will be often identified with their point set.
If in the previous definitions we replace “spread” by “partial spread” then we obtain the definition of a partial
SPG-system.
The ovoid number o(P) of a non-singular polar space P is the number of elements of a (hypothetical) m-system
of P .
If T is an SPG-system of the non-singular polar space P ∈ {Q(2n + 2, q), Q+(2n + 1, q), H(2n + 1, q)} then
|T | = |P|. Let P be a singular polar space having as radical the point x , with projective index n, and for which the
quotient P/{x} is the non-singular polar space P˜ . If T is an SPG-system of P , then |T | = o(P˜)qn . For a proof of
these results and the next theorem we refer to [40].
Theorem 3.1. Let T be a set of (n − 1)-dimensional totally singular subspaces of the non-singular polar space
P ∈ {Q(2n + 2, q), Q+(2n + 1, q), H(2n + 1, q)}. Then T is an SPG-system of P if and only if the following
conditions are satisfied:
(i) |T | = |P|,
(ii) if pi, pi ′ ∈ T , with pi 6= pi ′ and pi ∩ pi ′ 6= ∅, then 〈pi, pi ′〉 contains a generator, that is, a maximal totally singular
subspace, of P .
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Let T be a set of (n − 1)-dimensional totally singular subspaces of the singular polar space P with projective
index n and having as radical the point x. Assume also that no element of T contains x. The non-singular quotient
P/{x} will be denoted by ∼P . Then T is an SPG-system of P if and only if the following conditions are satisfied:
(i) |T | = o(∼P)qn ,
(ii) if pi, pi ′ ∈ T , with pi 6= pi ′ and pi ∩ pi ′ 6= ∅, then 〈pi, pi ′〉 contains a generator of P , that is, 〈pi, pi ′〉 contains x.
3.2. Examples
(a) Spread-SPG-systems
Let R be a spread of P ∈ {Q(2n + 2, q), Q+(2n + 1, q), H(2n + 1, q)}. If T is the set of all (n − 1)-dimensional
subspaces contained in the elements of R, then T is an SPG-system of P . Similarly, if P is a singular polar space
of projective index n, with ambient space PG(d, q), having as radical the point x , and if R is a set of n-dimensional
totally singular subspaces of P (hence containing x), with the property that R induces a spread in the polar subspace
P ′ induced by any PG(d − 1, q) not containing x (i.e., the intersections of the elements of R with P ′ constitute a
spread of P ′), then the set T of all (n − 1)-dimensional subspaces of PG(d, q) contained in the elements of R, but
not containing x , is an SPG-system of P .
An SPG-system constructed in this way is called a spread-SPG-system. These examples are due to [40].
(b) SPG-systems arising from generalized hexagons
Let H(q) be the classical generalized hexagon of order q embedded in the quadric Q(6, q); see [46]. Two lines
of H(q) intersect if and only if they lie in a generator of Q(6, q). As the number of lines of H(q) is equal to
(q6− 1)/(q− 1), it follows from Theorem 3.1 that the line set T of H(q) is an SPG-system of Q(6, q). This example
is due to [40].
3.3. Semi-partial geometries arising from SPG-systems
Let P be either a non-singular polar space, with P ∈ {Q(2n + 2, q), Q+(2n + 1, q), H(2n + 1, q)}, n ≥ 1, or a
singular polar space with projective index n, n ≥ 1, and having as radical the point x . Let PG(d, q) be the ambient
space of P . Further, let T be an SPG-system of P and let P be embedded in a non-singular polar space P with
ambient space PG(d + 1, q), of the same type as P and with projective index n (so, P and P are both orthogonal,
Hermitian, or symplectic). Hence for P = Q(2n + 2, q) we have P = Q−(2n + 3, q), for P = Q+(2n + 1, q) we
have P = Q(2n + 2, q), and for P = H(2n + 1, q) we have P = H(2n + 2, q).
If P is not symplectic and y ∈ P , then let τy be the tangent hyperplane of P at y; if P is symplectic and θ is the
corresponding symplectic polarity of PG(d + 1, q), then let τy = yθ for any y ∈ PG(d + 1, q).
For y ∈ P − P , let y be the set of all points z of P − P for which τz ∩ P = τy ∩ P . As τu 6= τz for distinct points
u, z of P , no two distinct points of y are collinear in P . For P non-singular and orthogonal we have |y| = 2, except
when P = Q+(2n + 1, q) and q even where |y| = 1, for P non-singular and Hermitian we have |y| = √q + 1, for
P singular and orthogonal we have |y| = 1, except when P is parabolic and q is even where |y| = q , for P singular
and Hermitian we have |y| = √q , and for P singular and symplectic we have |y| = q. Notice also that all points of
y belong to some common line of PG(d + 1, q) except when P is singular parabolic and q is even where they belong
to a common non-singular conic. Now let P = {y ‖ y ∈ P − P}.
Let ξ be any maximal totally singular subspace of P , not contained in P for which ξ ∩ P ∈ T and let
y ∈ (P − P) ∩ ξ . Further, let ξ be the set of all maximal totally singular subspaces η of P , not contained in P
for which ξ ∩ P = η ∩ P and η ∩ y 6= ∅. From ξ ∩ P = η ∩ P follows that no point of ξ − P is collinear on P
with a point of η − P . Let z be a point of ξ − P , z 6= y, and let yz ∩ P = {u}. Further, let y′ be the element of y
in η. The spaces τl ∩ 〈P〉, l ∈ uy, form a bundle of hyperplanes in the projective space 〈P〉 generated by P , which
coincides with the bundle of hyperplanes with elements τl ′ ∩ 〈P〉, l ′ ∈ uy′. Hence on uy′ there is a point z′ with
τz ∩ 〈P〉 = τz′ ∩ 〈P〉. So z has also a point in common with η. Now let B consist of all sets ξ .
Let S = (P, B, I), where I is defined as follows. If y ∈ P and ξ ∈ B, then yIξ if and only if for some z ∈ y and
some η ∈ ξ , we have z ∈ η.
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The following theorem is due to Thas [40].
Theorem 3.2. If the polar space P is either non-singular with P ∈ {Q(2n + 2, q), Q+(2n + 1, q) with q ∈
{2, 3}, H(2n + 1, q)} or singular with P/{x} ∈ {Q(2n, q) with q even, Q+(2n − 1, q), Q−(2n + 1, q), H(2n −
1, q), H(2n, q), W2n−1(q)}, then S = (P, B, I) is a semi-partial geometry with s = qn − 1, t = o (P) − 1 in the
non-singular case and t = o (P/{x})− 1 in the singular case, and α = βqn−1, with β the number of points of P in
any set y ∈ P; the parameter µ can be easily calculated from s, t, α and v = |P|.
3.4. Semi-partial geometries arising from known SPG-systems
The following is taken from [40].
(a) P = Q(2n + 2, q)
In such a case the SPG has parameters
s = qn − 1, t = qn+1, α = 2qn−1, µ = 2qn(qn − 1), n ≥ 1.
For n = 1 the SPG-system is the point set of Q(4, q). For n = 1 the SPG was known and there was a construction
by R. Metz (private communication) which is essentially the foregoing one; see [10].
For n = 2 we have the spread-SPG-systems of Q(6, q) and the SPG-system arising from the generalized hexagon
H(q). So the SPG exists for any prime power q . For n = 2 and q = 3, the SPG arising from a spread of Q(6, 3)
was known before the introduction of SPG-systems (but not the construction given here). It was discovered by
Delanote [13]; Delanote [13] also described the SPG for q = 3 and T a hypothetical spread of Q(2n, 3), n > 3.
For n ≥ 3 any spread of Q(2n + 2, q) defines an SPG-system. Such a spread is known to exist for q even.
Let r be the pole of PG(2n+2, q) ⊃ Q(2n+2, q) with respect to the polar space Q−(2n+3, q) ⊂ PG(2n+3, q)
with Q(2n+2, q) ⊂ Q−(2n+3, q); the polarity defined by Q−(2n+3, q) is orthogonal for q odd and symplectic for
q even. Now we project PG(2n + 3, q)− {r} from r onto a hyperplane Π not through r of PG(2n + 3, q). For q odd
Q(2n+2, q) is projected onto a quadric ∼Q(2n+2, q); for q even the orthogonal polar space Q(2n+2, q) is projected
onto a symplectic polar space in a hyperplane∆ of Π . Further, Q−(2n+ 3, q)− Q(2n+ 2, q) is projected onto a set
Γ . For q even Γ ∪∆ is a set of type (1, (q/2)+1, q+1) ofΠ , see [22]; for q odd Γ is one of the imprimitivity classes
defined by PGO(2n + 3, q). Let T be any SPG-system of Q(2n + 2, q). With any point y ∈ P there corresponds,
by projection, a point of Γ , and with any line ξ ∈ B there corresponds, by projection, an n-dimensional space ∼ξ of
Π . Also,
∼
ξ ∩ ∼Q(2n + 2, q) for q odd and ∼ξ ∩∆ for q even, is an (n − 1)-dimensional space which belongs to the
projection
∼
T of T . In this way there arises an SPG
∼
S ∼= S, where incidence is inherited from Π . For n = 1 this
description of
∼
S is due to [22]; for general n and q = 3 this model is due to [13].
For q = 2 the geometry ∼S is a 2− (2n(2n+1 − 1), 2n, 1) design, where the points are points of AG(2n + 2, 2) and
the blocks are n-dimensional affine subspaces of AG(2n + 2, 2).
(b) P = Q+(2n + 1, q), q ∈ {2, 3}
First, let q = 2. Then the SPG has parameters
s = 2n − 1, t = 2n, α = 2n−1, µ = 22n−1 + 2n−1, n ≥ 1.
As µ = α(t + 1), the SPG is a PG.
For n odd the polar space Q+(2n + 1, 2) admits a spread, hence an SPG-system T .
Let w be the nucleus of Q(2n+ 2, 2) ⊃ Q+(2n+ 1, 2). Let Π be a hyperplane of PG(2n+ 2, 2) ⊃ Q(2n+ 2, 2),
with w 6∈ Π . Further, let T be the SPG-system arising from a spread of Q+(2n + 1, 2), n odd. By projecting the
SPG S from w onto Π , we now obtain, for n ≥ 2, the PG of De Clerck, Dye and Thas [11]. For n = 1 the PG is the
complete bipartite graph K3,3.
Next, let q = 3. Then the SPG has parameters
s = 3n − 1, t = 3n, α = 2 · 3n−1, µ = 2(32n−1 + 3n−1).
As µ = α(t + 1), the SPG is a PG.
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Let w be the pole of PG(2n+1, 3) ⊃ Q+(2n+1, 3) with respect to the polar space Q(2n+2, 3) ⊂ PG(2n+2, 3),
with Q+(2n + 1, 3) ⊂ Q(2n + 2, 3). Further, let T be the SPG-system arising from a spread of Q+(2n + 1, 3), n
odd. By projecting the SPG S from w onto PG(2n + 1, 3), we now obtain, for n ≥ 2, the PG of [35]. Notice that just
for n ∈ {1, 3} a spread of Q+(2n + 1, 3) is known. For n = 1, the PG is the dual of a net of order 4 and degree 3.
(c) P = H(2n + 1, q), q a square
In such a case the SPG has parameters
s = qn − 1, t = qn√q, α = (√q + 1)qn−1, µ = qn−1(qn − 1)√q(√q + 1), n ≥ 1.
For n = 1, T = H(3, q) and S has parameters
s = q − 1, t = q√q, α = √q + 1, µ = (q − 1)√q(√q + 1).
For n ≥ 2 no SPG-system of H(2n + 1, q) is known.
Now let w be the pole of PG(2n + 1, q) ⊃ H(2n + 1, q) with respect to the polar space H(2n + 2, q) ⊂
PG(2n+2, q), with H(2n+1, q) ⊂ H(2n+2, q). Now we project PG(2n+2, q)−{w} from w onto PG(2n+1, q).
With any point y ∈ P there corresponds, by projection, a point of PG(2n+ 1, q)− H(2n+ 1, q); in such a way there
arises a bijection from P onto the point set PG(2n + 1, q) − H(2n + 1, q). With the lines of S there correspond the
n-dimensional subspaces γ of PG(2n+1, q) for which H(2n+1, q)∩γ ∈ T . In this way there arises an SPG ∼S ∼= S,
where incidence is inherited from PG(2n+1, q). For n = 1 this description of ∼S was already found by Thas; see [10].
(d) P/{x} = Q(2n, q),with q even
In such a case we have
s = qn − 1, t = qn, α = qn .
Hence S is a 2 − (q2n, qn, 1) design, so an affine plane of order qn . Let w be the nucleus of Q(2n + 2, q) ⊃ P .
Now we project PG(2n + 2, q)–〈x, w〉, with Q(2n + 2, q) ⊂ PG(2n + 2, q) from 〈x, w〉 onto a subspace
PG(2n, q) ⊂ PG(2n + 2, q) which is skew to the line 〈x, w〉. The projection of P − {x} is a PG(2n − 1, q), the
projection of a point of S is a point of AG(2n, q) = PG(2n, q) − PG(2n − 1, q) (in this way there arises a bijection
of P onto AG(2n, q)), and the projection of a line of S is an n-dimensional affine subspace of AG(2n, q). With the
elements of T correspond maximal totally isotropic subspaces of some symplectic polarity θ of PG(2n−1, q). In this
way there arises an affine plane
∼
S ∼= S, where the incidence is inherited from AG(2n, q).
For n = 1 we have ∼S = AG(2, q). For n > 1 and T defined by a spread of Q(2n, q), ∼S is the Andre´–Bose–Bruck
representation of the translation plane S; in this case the projection of T is an SPG-regulus ∼T , and
∼
S is constructed
from
∼
T as explained in Section 2.3.
(e) P/{x} = Q+(2n − 1, q)
In such a case we have
s = qn − 1, t = qn−1, α = qn−1, µ = qn−1(qn−1 + 1).
Hence S is a net of order qn and degree qn−1 + 1. Now we project PG(2n + 1, q), with Q+(2n + 1, q) ⊂
PG(2n+ 1, q) and Q+(2n− 1, q) ⊂ Q+(2n+ 1, q) from x onto a subspace PG(2n, q) ⊂ PG(2n+ 1, q) which does
not contain x . Then there arises a net S˜ with point set AG(2n, q) = PG(2n, q)− PG(2n − 1, q), with n-dimensional
affine subspaces of AG(2n, q) as lines, and where incidence is inherited from AG(2n, q).
For T defined by a spread of Q+(2n− 1, q) (then either n = 1 or n is even), the projection of T is an SPG-regulus
∼
T and
∼
S is constructed from
∼
T as explained in Section 2.3.
(f) P/{x} = Q−(2n + 1, q)
In such a case we have
s = qn − 1, t = qn+1, α = qn−1, µ = qn(qn − 1).
By projection from x we obtain again a representation
∼
S of S in an affine space AG(2n + 2, q). For T defined by
a spread of Q−(2n + 1, q) the projection of T is an SPG-regulus ∼T in PG(2n + 1, q) and ∼S is constructed from ∼T in
the usual way; these examples were also constructed in Section 2.5.
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(g) P/{x} = H(2n − 1, q), q a square
In such a case we have
s = qn − 1, t = q(2n−1)/2, α = q(2n−1)/2, µ = q(2n−1)/2(q(2n−1)/2 + 1)
Hence S is a net of order qn and degree q(2n−1)/2 + 1. By projection from x we obtain a representation ∼S of S in
an affine space AG(2n, q). For n = 1 we obtain a net of order q and degree√q + 1.
(h) P/{x} = H(2n, q), q a square
Then the SPG has parameters
s = qn − 1, t = q(2n+1)/2, α = q(2n−1)/2, µ = qn(qn − 1).
By projection from x we obtain a representation
∼
S of S in an affine space AG(2n + 1, q).
For n = 1 we have s = q − 1, t = q3/2, α = q1/2, µ = q(q − 1); see also 1.4 of [9]. For T defined by a spread
of H(2n, q) (but for n > 1 no such spread is known) the projection of T is an SPG-regulus ∼T in PG(2n, q) and
∼
S is
constructed from
∼
T in the usual way.
(i) P/{x} = W2n−1(q)
Then we have
s = qn − 1, t = qn, α = qn .
Hence S is a 2−(q2n, qn, 1) design, so an affine plane of order qn . By projection from x we obtain a representation
∼
S of S in AG(2n, q). For n = 1 we have ∼S = AG(2, q). For n > 1 and T defined by a spread of W2n−1(q),
∼
S is the
Andre´–Bose–Bruck representation of the translation plane S.
3.5. Classification theorems
If T is an SPG-system of index 0, then in the non-singular case we have T = P , with P ∈
{Q(4, q), Q+(3, q), H(3, q)} and in the singular case T = P − {x}, with P of projective index one.
The following theorem is due to [40].
Theorem 3.3. There are exactly two classes of SPG-systems of index 1 on a non-singular polar space and both consist
of SPG-systems of Q(6, q). One of them consists of spread-SPG-systems, and each element of the other class consists
of the lines of a classical generalized hexagon H(q) embedded in Q(6, q).
The next theorem is taken from [16].
Theorem 3.4. Each SPG-system of index 2 on a non-singular polar space and each SPG-system (of any index) of a
singular polar space are spread- SPG-systems.
Remarks 3.5. (a) For index 1, the second part of Theorem 3.4 is due to [40].
(b) By Theorem 3.4 and [36,38]), Example (g) only exists for n = 1.
(c) For P non-singular and index n > 2 the classification problem is widely open.
4. BLT-sets and sets satisfying the BLT-property
4.1. BLT-sets
The “classical” BLT-set is a non-empty set B of disjoint lines of the generalized quadrangle W (q) = W3(q) with
the property that every line of W (q) which is not a member of B meets non-trivially exactly two or none of the lines
in B. This object was introduced by Bader, Lunardon and Thas [1], and many applications in connection with flocks
of quadratic cones, translation planes and generalized quadrangles were given (in fact these sets were also defined by
De Soete and Thas [15], for other purposes, and called {0, 2}-sets of lines). Shult and Thas [32] define a BLT-set of
PG(m, q)s as a non-empty collection B of disjoint totally singular PG(m, q)s of a non-singular polar space P , having
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the property that each line of P not contained in a member of B meets non-trivially exactly zero or two members of
B.
Note that a BLT-set of points of P is a non-empty subset of the points of P with each line of P meeting zero or
two points of this subset. There are examples, e.g. the well-known hemisystem of Q−(5, 3) due to B. Segre; see [39].
Note that a BLT-set of points is conceptually distinct from a {0, 2}-set B′ of points of [15] where the critical condition
is that |x⊥ ∩ B′| = 0 or 2 for all points of P not in B′. Neither of these two notions has been fully explored in polar
spaces of higher rank.
The following theorem is due to Thas; see [24].
Theorem 4.1. Let P be a classical finite non-singular polar space of projective index one. Then a BLT-set of lines
exists only in the cases that P = W (q), with q odd, or P = Q−(5, q), with q odd, and has q + 1 or q2 + 1 lines in
these respective cases.
This result was extended by Shult and Thas [32].
Theorem 4.2. A BLT-set of PG(m, q)s, with m > 0, of a finite non-singular classical polar space P can exist only if
P has projective index one.
Remarks 4.3. (a) When q is odd, many BLT-sets of lines of W (q) exist. BLT-sets of lines of W (q) are associated
with flocks of a quadratic cone; see [1] and [23].
(b) Each BLT-set of lines of W (q), q odd, defines q + 1 translation planes of order q2 (some of them being possibly
isomorphic); see [1].
(c) In the case Q−(5, q), with q odd, only one BLT-set of lines is known. It is derived from a conic of PG(2, q2).
(d) When q is even, neither W (q) nor Q−(5, q) possesses a BLT-set of lines B. Assume that q is even. By considering
the lines on a point not in any member of B and the {0, 2}-property, one sees that |B| is even. A similar
consideration for a point within a line of B shows that |B| is the number of lines on a point in these classical
generalized quadrangles and so is odd, a contradiction.
4.2. BLT-sets and generalized quadrangles
The following construction is due to [24].
Start with a symplectic polarity σ of PG(5, q), with q odd. Let p ∈ PG(5, q) and let PG(3, q) be a three-
dimensional subspace of PG(5, q) for which p 6∈ PG(3, q) ⊂ pσ . In PG(3, q) σ induces a symplectic polarity
σ ′, and hence a GQ W (q). Let B be a BLT-set of lines of the GQ W (q) and construct a geometry S = (P, B, I) as
follows.
• POINTS: (i) p; (ii) the lines of PG(5, q) not containing p but contained in one of the planes pit = pL t , with
L t ∈ B; (iii) the points of PG(5, q)− pσ .
• LINES: (a) the planes pit = pL t , with L t ∈ B; (b) the totally isotropic planes of σ not contained in pσ and meeting
some pit in a line (not through p).
• INCIDENCE: is just the natural incidence inherited from PG(5, q). Then Knarr [24] proves that S is a GQ of order
(q2, q).
Next, we consider a Q−(7, q) in PG(7, q), q odd, with corresponding orthogonal polarity θ . Let p ∈ Q−(7, q),
let PG(5, q) be a five-dimensional subspace of PG(7, q) for which p 6∈ PG(5, q) ⊂ pθ and let Q−(5, q) be the
intersection of Q−(7, q) and PG(5, q). Let B be a BLT-set of lines of the GQ Q−(5, q) and construct a geometry
S = (P, B, I) as follows.
• POINTS: (i) p; (ii) the lines of PG(7, q) not containing p but contained in one of the planes pit = pL t , with
L t ∈ B; (iii) the points of Q−(7, q)− pθ .
• LINES: (a) the planes pit = pL t , with L t ∈ B; (b) the generators of Q−(7, q) not contained in pθ and meeting
some pit in a line (not through p).
• INCIDENCE: is just the natural incidence inherited from PG(7, q).
Then, by [24] S is a GQ of order q2.
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Remarks 4.4. (a) In this way many new classes of GQs of order (q2, q) were discovered.
(b) As just one BLT-set of lines of Q−(5, q), q odd, is known, the second construction provides at this moment just
one GQ of order q2, which clearly is isomorphic to Q(4, q2), with q odd.
4.3. Sets with the BLT-property
Shult and Thas [32] described a construction of GQs from polar spaces, generalizing the construction of Knarr. To
this end they require a generalization of the notion of BLT-set. We say that a non-empty collection B of disjoint totally
singular PG(m, q)s on a non-singular polar space P possesses the BLT-property if there is no line of P meeting three
distinct members of B non-trivially. If B is a partial m-system of the classical non-singular polar space P , possessing
the BLT-property and having a suitable size, then a similar construction as the one given in Section 4.2 defines a GQ;
see [32].
Now we give a summary of the possible m-systems, possessing the BLT-property, which yields a GQ; see [32].
(a) P = W5(q), q odd, and B is a 1-system of q3 + 1 lines. The corresponding GQ has order (q2, q3). Thas [42]
recently proved that there is exactly one such B, and the corresponding GQ is isomorphic to H(4, q2).
(b) P = Q+(5, q), q odd, and B is a 1-system of q2 + 1 lines. The corresponding GQ has order (q2, q2). Shult and
Thas [31] proved that there is exactly one such B, and the corresponding GQ is isomorphic to Q(4, q2).
(c) P = Q+(9, q), q odd, and B is a 2-system of q4+ 1 planes. The corresponding GQ has order (q3, q4). No GQ of
order (q3, q4) is known.
(d) P = Q−(4r − 5, q), r ≥ 3, and B is an (r − 2)-system of q2r−2 + 1 (r − 2)-dimensional spaces. For each value
of r one such B is known; the corresponding GQ is isomorphic to Q−(5, qr−1). Luyckx and Thas [27,28] proved
that for r = 3 the 1-system B of Q−(7, q) is unique.
(e) P = H(9, q2) and B is a 2-system of q9 + 1 planes. The corresponding GQ has order (q6, q9). No such B is
known.
Finally we remark that in [32] there are tables with possible partial m-systems, possessing the BLT-property and
yielding a GQ; there are still many open cases.
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